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ABSTRACT: We investigate 1/2 BPS conformal surface operators in the Klebanov-Witten
theory. These surface operators preserve certain parts of the conformal symmetry and
R-symmetry as well as half of the supersymmetry. We propose the gravity dual of the
surface operator as a configuration of a D3-brane in AdSs x T!. This D3-brane preserves
the same amount of the supersymmetry as the surface operator. We also compute the
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1 Introduction

A surface operator is an operator supported at a surface defined by a condimension 2
singularity. Disorder type surface operators in N' = 4 SYM have been introduced in [1].
In [1], the gravity dual of the operators have been proposed as probe D3-branes wrapping
AdSs3 x S in AdSs x S, which can be supersymmetric [2, 3]. The gravity dual of these
operators are also described by the bubbling AdS geometry [4-6]. Some of the physical
quantities have been evaluated in both gauge theory and gravity [7].

Along with the canonical example AdS; x S°/N = 4 super Yang-Mills [8], the
AdS/CFT duality with less supersymmetries also has been studied, which one can re-
fer to [9] and references there in. Symmetry-wise, AdS; gravity with an internal Sasaki-
Einstein 5-manifold can be dual to N' = 1,d = 4 supersymmetric CFT . One of the first
examples is given by Klebanov and Witten [10], for the dual background AdSs x T

In this paper, we will present a new example of 1/2 BPS conformal surface operators
in N' = 1 superconformal theories, especially in the Klebanov-Witten theory. We use F
term and D term constraints to define the surface operator. The surface operator in this



paper is defined by a complex singularity with a fractional power. We will show that an
appropriate gauge transformation can cancel the monodromy around the singularity, and
thus the boundary condition can be well-defined.

We will propose that the gravity dual of the operator is a probe D3-brane wrapping
AdS3 x S' in AdSs x TH!. We show that the brane preserves the same symmetries with
the surface operator.

For BPS surface operators in N’ = 4 SYM, the correlation functions of BPS surface
operators with chiral primary operators, evaluated in the gravity side by using GKPW
prescription in SUGRA limit [11, 12] , have been shown to agree with the results from the
gauge theory in the semi-classical limit [7]. We will consider correlation functions of the
surface operator and CPO’s in Klebanov-Witten theory. The evaluation in gravity can be
done in the large AdS radius limit, as in the AV = 4 SYM case. The evaluation in the
gauge theory, however, becomes difficult, since the theory is intrinsically strongly coupled.
Instead, we will use the results in gravity to deduce a possible form of the normalization
factor of CPO’s as a function of the parameters of the theory, on the assumption that the
semi-classical approximation is valid in the gauge theory.

The organization of this paper is as follows. In section 2, we construct the 1/2 BPS
surface operator in the Klebanov-Witten theory. In section 3, we propose the gravity
dual of the surface operator as a probe D3-brane. Using kappa symmetry projection we
show that a probe D3-brane wrapping the U(1) isometry direction in a Sasaki-Einstein
5-manifold preserves 1/2 of the fermionic symmetries. We evaluate correlation functions of
the surface operator with chiral primary operators by using the D3-brane solution. Some
discussions will follow in section 4.

2 An example of 1/2 BPS surface operator in Klebanov-Witten theory

2.1 Definition of the surface operator

The Klebanov-Witten theory is a certain A/ = 1 supersymmetric gauge theory with gauge
group SU(N) x SU(N) at its IR fixed point, which is known to be related to D3-branes on
the tip of the conifold [10]. The bosonic fields in the theory are chiral superfields A; (B;),
for i = 1,2, in the (anti-)bi-fundamental representation, and gauge fields AM,AM for each
SU(N). The superpotential is given as

W = TI‘[AlBlAQBQ - A1B2A2B1]. (21)

Let us consider the theory on R* with coordinates (z!, 2%, 23, x), or C? with (21, 20).

We define complex coordinates z; = x! + iz?, 2z = 2% 4+ iz*. Sometimes we will use polar
coordinate of z;-plane, z; = re'®. For the A" = 1 super-space, unless otherwise stated, we
will use the conventions of Wess and Bagger [13].

As in [1], we characterize a surface operator by the boundary condition of bosonic
fields near codimension 2 singularities. In this paper, we will consider a surface operator
supported at z; = 0. The situation is similar to [14] where operators from codimension 2
singularities of the bi-fundamental scalar fields in ABJM theory [15] are considered.



The behavior of the fields at the singularity is determined in such a way that the
surface operator preserves the dilatation symmetry. The conformal dimension of A; and
Bj is 3/4 as can be seen in the form of the superpotential (2.1). Thus A; and B; have the
singularity of z; 34,

More concretely, we consider the following classical configuration.

Ay =By = %diag.(l,i,o, ...,0), Ay = By =0, (gauge fields) = 0, (2.2)
21

where (3 is a real constant parameter. This is the main example of the surface operator
considered in this paper.

2™ potation. Since this

The configuration (2.2) is not single-valued under z; — zje
monodromy is a part of the gauge transformation, it is canceled by introducing the gauge

holonomy (g, g) € SU(N) x SU(N) around z; = 0 of the following form.

. 01 0 . 109 0
g 0 G%IN_Q ’ g 0 IN—Q '

1 -1
o1 = <(1) 0) , iog 1= (2 0 ) , In_9: ((N—2)x (N —2)identity matrix).

Aj and Bj are transformed as
A; — gA;g B; — gBjg . (2.3)

This introduction of the holonomy is the similar trick as [16].
There are rather trivial generalizations of this surface operator (2.2). One is the phase
of 3. The other is to introduce the gauge field

A:A:dgb(“é? 0 > (2.4)

2
—NogIN—2

where « is a real constant. We omit these generalization parameters in the rest of this paper.

It is possible to consider BPS surface operators which do not preserve the dilatation
symmetry. In that case, one can choose different order of the singularity of z1, analogously
to the surface operators in N/ = 4 SYM with higher poles [17]. The dilatation symmetry
is useful when we consider more general surface operators which depend on z as well as
z1, since one can restore a time-like direction by the Wick rotation of the radial direction
of R* as Riime X S5.

Let us see the bosonic symmetry of the configuration (2.2). This configuration is
invariant under global conformal symmetry of two dimensions (23, z*), which is SO(1, 3) (or
SO(2,2) in Lorentzian signature). It also preserves the following U(1)3. Let J3, J3 denote
respectively the 3rd generators (generated by o3/2) of the two SU(2) global symmetries:
SU(2)4 and SU(2)p which respectively rotate (A;, A2) and (Bj, B2) as doublets. Also let
R be the U(1)p symmetry generator (A;, B; are charge 1/2) and M be the rotation in
(x, 22)-plane. The configuration (2.2) preserves the following three U(1) symmetries.



e U(1)y4: generated by (3/2)R + Mis.
e U(1),: generated by J3 + J5 — R.
e U(1),: generated by J,?Zl — J% accompanied with some gauge transformation.

We will see that these symmetries SO(2,2) x U(1)? are also present in the gravity dual.

2.2 Supersymmetry in the gauge theory

Consider N' = 1 supersymmetric gauge theory, with a Lagrangian in the form of

— /d4x/d49K(<I>ie_V,<I>i) +/d4:r: <Gwawa + W(qﬂ)) o2 +c.c> ,

for chiral superfields ® = ¢'(z) + V20¢'(x) + --- and a vector superfield
V = —00"0A,(x) + i6?0X(z) + ---. For the Klebanov-Witten theory, ¢'’s represent
A1, Ay, B1, By in the previous section. K is the Kéhler potential of the theory. The

variation of fermions are given as follows

St = iv/20"eD ' + V2, (2.5)

0N = o"eF),, +ieD, (2.6)

while the equation of motions of F' and D terms for non-trivial Kéahler potential are as
follows

F' = —rl LIk — glow (2.7)

D" = Tr[ggsb]T}?(w)sﬁl], (2.8)

where g;; = 8<I>Z K I”k =g Jﬁjgk] R(¢") denotes the representation of °.

o7
For our definition of a surface operator (2.2), F' and D term vanish. F' term vanishes
since ;W vanishes for each ¢ and we set the boundary conditions of fermion fields vanish.

The D term condition (2.8) for the first gauge group SU(N) can be rewritten as

D™ = Tr[gh A'TH A + Tr[gB B'T™ BY). (2.9)
Note that Ty = —T7; for hermitian generators and 95 = 8(,942' %K, gz = aBl 8BJ _2_K. On the

assumption that the Kéhler potential has the symmetry of exchanging A; and B, eq. (2.9)
vanishes in our configuration (2.2).

We are considering a flat gauge connection, F},, = 0, thus the variation of gaugino (2.6)
vanishes. The variation of quarks (2.5) can be written as

ot = iv2(o! + iaQ)Eigoi(zl),
82’1

since the boundary condition for the chiral fields are holomorphic functions of z;. Now
impose the following condition on the supersymmetry parameter e,

(o +io?)e =0, (2.10)

then the supersymmetry variation of the quark (2.5) vanishes. Thus our definition of the

surface operator in (2.2) preserves half of the supersymmetries.



2.3 Correlation functions with chiral primary operators

In the semi-classical approximation, the correlation function of a local operator O(¢) and
a surface operator is evaluated by taking the value in the configuration (2.2).

~ Olz(Q)- (211)

Chiral primary operators in KW theory has been discussed in [10, 18]. The operators
are in the following form,

OA = pp Gyttt Utedn Ty A4y By, -+ A, By, ] (2.12)

where (iy,...,4;) means symmetrized indices. C! is the coefficient in the corresponding

1

spherical harmonics of T4, p ‘A is a normalization constant to normalize the two point

function of operators as

1

(Oa(2)O4(0)) = s (2.13)

where @IA(JU) is the hermitian conjugate of OX (). The conformal dimension A of O} is

A= ;n, (for n € Z4.). (2.14)

If we consider correlation function of CPO’s with a surface operators defined by (2.2),
it is non-trivial only when the CPQ’s are in the following form,

Oa = paCyTr[(A1B1)"], (2.15)

where C), is the coefficient of spherical harmonics in (C.4). Using (2.11), the correlation
function is given as follows,

O =pma i e o) (2:16)
Z1)2

Actually this classical approximation is not justified very well since the theory is on
the non-trivial fixed point and the quantum effect is supposed to be large. However, the
spacetime dependences of the result can be determined by symmetry. Later we will compare
the result with the result from supergravity.

3 Gravity dual of the 1/2 BPS surface operator

3.1 Probe D3-brane wrapped on a holomorphic hypersurface in AdSs x T'!

The background of the gravity dual of the KW theory is known as AdSs x 74! [10]. The
metric of this background is [19]

1
ds%o = E( Z |dZA|2 + dy2> + ds%"l,l, (3.1)

A=12



where the metric of the 1! is given by [20]

1 1
ds, = §(d@[) + cos Oydvy + cos Badiy)? + 8 Z (d6? + sin® 0;dv?), (3.2)
i=1,2

for 0 < <4mw,0<60; <7,0<v; <27. In this paper, we choose the unit of length as
coad 2T
(AdS radius)”® = ST gsN = 1. (3.3)

We propose that the gravity dual of the surface operator in eq.(2.2) is a probe D3-brane
wrapping a surface in AdSs x T1! expressed by

, Y(p)=-3¢ mod2m, O;=7m, v;=0. (i=1,2) (3.4)

where z; = re’® and & is a constant related to (.
Let us explain the reason for this identification. The metric cone of Th! is conifold,
namely

dsgonifold = dﬂ2 + PQdSZTl,l- (3.5)

On the other hand, the conifold can be expressed as a hypersurface in C* with coordinates

(wl, w? w3, w4) defined by the equation

> wh)?=0. (3.6)

A=1

The parameterization of w? in terms of 1, 0;,v; is given in (C.3). In (3.5), p? is related
with w? by p? = y2 = (04, [w?>)?/? [20]. Eq. (3.6) can be solved by the following
parameterization [10]

(w1+iw4):AlBl, (wl—iw4):Ang, (iw2+w3):A1B2, (in—w?’):AgBl. (3.7)

These coordinates Aq, As, B1, By are related to the scalar fields in the field theory. The
field theory configuration (2.2) is A; = B N(constant)zl_?’M. Eq. (3.4) is this relation
expressed by the coordinates in (3.1)—(3.2). Thus it is appropriate to identify the
D3-brane (3.4) as the gravity counterpart of the surface operator (2.2).

Notice that the induced metric of the D3-brane (3.4) is AdS3 x St. Actually this con-
figuration preserves the SO(2,2)x U(1)? symmetry discussed in section 2.1. Here SO(2,2)
is a part of the isometry of the AdS5 and preserved the same way as the case of the 1/2 BPS
surface operator of N' = 4 super Yang-Mills theory [1, 3, 6]. Three U(1)’s are generated
by Killing vectors

0 0 0 0 0 0 0

32y 2 2, 9,0, 2 9 .
S0 T80 an om0 G o (3:8)

These three Killing vectors correspond to U(1)g4, U(1), and U(1),, respectively.



3.2 Supersymmetry of the probe D3-brane

In this subsection, we will check the supersymmetry of the D3-brane configuration. Actu-
ally it is rather straightforward, at least locally, to generalize this configuration to more
general cases. Therefore in this subsection, we work in the general AdS5 x S Es background,
where SE5 is a Sasaki-Einstein 5-manifold.

The 10-dimensional metric is given as

1
2 2 27.2 2 2
ds® = ?dSRl,S + Yy dSCYg = dSAd5'5 + dSSE57

while C'Y3 is a toric Calabi-Yau 3 fold which is the cone of SFEj,

dy? 1
2 5
dsgy, = T deSSEs-

The 5-form field strength in the background is given as
F5 = 4(vol(AdSs) + vol(SEs)).
The gravitino variation in this background becomes
0pa = Vae+ i (F01234 + F56789) I ge. (3.9)

If 614 = 0 for some ¢, € is the Killing spinor of the given background.
To check the preserved supersymmetry of the probe D3-brane, we can use the kappa
symmetry projection [21-26]. The projection operator is given by

OXMo gx M gxMa g xMs
IE0  PEL g2 9EB

1 Ag AL Az A
B 0 1 2 3
I —7FAOA1A2A3EMOEM1 EM2 EMS

vV—detG

The number of preserved supersymmetries is given by the number of Killing spinors e

(3.10)

satisfying
il'e = €. (3.11)

We review the Killing spinor of AdSs; x SFE5 in appendix A.
The metric of a Sasaki-Einstein 5 manifold can be written, at least locally, as

dsp, = (Cdy +n)° + ds¥,, (3.12)

where the Reeb vector field can be written as %% and 7 is an 1-form of 4 dimensional
manifold X4. ¢ is some constant. We define a vielbein E® of 10 dimensional space-time
by E5 = (diy + 1, where other vielbeins are defined by ds?AdS5 = 23:0 E* ® E% and
ds%, =Y (E*® E°.

We choose the world-volume coordinate of the D3-brane as

€M = {29 2t 22 23, (3.13)
The ansatz for the transverse directions are,

1
y(r)=—, ¢Y(p) = —Eqﬁ, coordinates of X4 = constant. (3.14)



The projection operator (3.10) in our ansatz (3.14) becomes
1 .
I'= mfos (T4s + K cos ¢(Ty5 + Tag) + wsin ¢(Tas — Ta) — £°T12)
where I' 4 are gamma matrices of the tangent space, {T'4,T's} = 2nap. The condition (3.11)
can be rewritten as

€4 (F1245 + I<L2)6:|: + K COSs ¢(—F25 + P14)6:F + Kk sin ¢(F15 + P24)6;F) ,(3.15)

T 1+ k2 (
where €4 are projections of € by ex = (1 £ il%'?3)e. (3.15) can be satisfied if the
followings hold,
Fyogse- = —€,
P12456+ = €4 — QE(COS ¢I'1 + sin ¢F2)P46_.
In terms of the 4 component spinors x (A.5) and 74 (A.4), which are in the decomposition
of the Killing spinor € of AdSs x SE5 (A.3), (A.4), the above can be rewritten as
iflgn_ & f5X =N-®X (316)
iTiony @ Dsx =0y @ x + (2($1f1 + 2%Ty) — l““ru) (—if1277— @Tsx +1- ® X) (3.17)
where T'4 are defined in (A.2). In the appendix B, we will prove that
oy = —x. (3.18)
We now impose the following condition for constant spinors 7+,
Tione = ins.

Using (3.18), one can show (3.16) and (3.17) hold under the imposition. Thus the probe
D3-brane wrapping on (3.14) preserves the half of the fermionic symmetries.
YP4 and LP%" are other examples of Sasaki-Einstein 5-manifold with explicitly known

metric, constructed in [27-30]. Supersymmetric D3-brane probes wrapped on a 2 cycle or
3 cycle in TH!, YP4 and LP:%" have been studied in [31-34].

3.3 Correlation functions with chiral primary operators

We now consider correlation functions of the surface operator in (2.2) with chiral primary
operators. Asin [7, 16], we use the GKPW prescription [11, 12] to get the one-point function
of the chiral operators . We introduce the boundary source SOA which induce the solution of
the linearized equation of motion of the bulk scalar field s. The solution can be written as

saly,z, ¥, v;) = /d4$/G(y790 L)Y (v, v)s5 (1), (3.19)

where 2’ is the position of source on the boundary of AdSs, and G(y,x : z') is the
bulk-boundary propagator,
’ yA
Gy, z;2") = c(A , . )
| )= )(?ﬂ + iy (2t — 2¥)2)A




for a scalar field of which equation of motion is
V“V“SA =A(A —4)sa. (3.20)

We use Greek indices u,v for AdSs , and «,3 for TH'. Y, (1,v;) is a function given
n (C.4). The relevant aspects of the spherical harmonics of 71! are given in appendix C.
The conformal dimension A is related with a positive integer n by A = 3n/2.

¢(A) is chosen to normalize the two point function of chiral operators as eq. (2.13).
c(A) is obtained following [35, 36] , as reviewed in appendix D,

n+1 A+1
A8 =G 5N A +2) (3:21)

The linearized fluctuation of the D3-brane action is

S8 = TD3 VAR GE™™ (9 X0, X S + 0, X0, X nL5" )

S8 = Tpg / aAdS,

where Tps is the tension of the D3-brane and fluctuation of fields hu,,,haﬁ,aAdS

are as
defined in [7, 37]. Gy, is the induced metric on the world-volume. We choose the following
world-volume coordinates

gm _ {561,562,563,564}
where 2% is Wick-rotation of 2% from (3.13), since we are now considering Euclidean
AdS. The transverse directions are as given in (3.4). The linearized DBI action for the

ansatz becomes,

1 ,-ZD3 1,1
SI()}%I 45 (/@2y2(hﬁds hAdS) +(1+ /@2)y2(h?/}5ds—|—hfffs) 2hAdS—l—9hT )
T
+ ];3 /d4§ 2y <2yw hAdS + nyQhQAde) .

The relations between the source and the fluctuation are given in [7, 36, 37],

6 4
hadS = — 285w + 27 VY0,

A+1
aﬁgsa =—4 gAdSE,ul/ponvns
th - = 2948405

where g, (gap) is the space-time metric of AdSs (ThH1). V V) is symmetric and
trace-less part of V,V,.

Let the position of the source be 2’ = (0,2, 2%,0). Indicate the polar coordinates of
the source as (d, ¢g), de’® = xV + iz?. If we denote numerator of the propagator LA,

3
Ly,z:2") =y Zx—x
i=0



then the linearized fluctuations of DBI and WZ action are written as follows,

2 2
s = 4ATD3/d4§% (_1 . L Y(d/K) COLS(¢ —¢0) LY (1/2/@) > .
iy = ATpsA / d%% <_1 YL ¢o)> .

Since the action of the D3-brane is S = Spgr — Swz, the linearized fluctuation of the
D3-brane action becomes

S

3 (3.22)

S = _8ATps / d*¢

We now take the derivative of S with respect to sOA to get the one point function of Oa,

(O - O7) oS

(Os) — bsd

d\ 2 yA=2(r) e 2V (@)
= 87T, A)C, | = dz'dz? 2
8m1Tps c(A)C, (n) / x dr W20 (3.23)

A+1 ) 4 |21 — deio|2)A+1°

A caveat here is that there are two values of 1 in 0 < ¢ < 4x for one value of ¢ in
0 < ¢ <27 as seen in (3.4)
= -3¢, —3¢-+2m. (3.24)

The result is the sum of contributions from the both branches. The second branch con-
tributes as much as the result in the first branch multiplied by (—1)". Thus the result
vanish when n is an odd integer.

The integral (3.23) can be evaluated exactly as in [7]. The result (3.23) is non-trivial
when A is an integer, and it is given by

(O -0a) . o c(D)Cy K \A
0 e (L ey
_@ 2A+3 ( K >A (3.25)
2 VAA+1)(A+2) deito ) 7

where we used Tps = S’S—% in the unit of eq. (3.3), and the value of ¢(A) in (3.21).

Let us assume that (2.16) is valid, and compare the result in (3.25) with the result in
the gauge theory (2.16). Firstly, spacetime dependences of those two results agree to each
other though they are determined completely by the symmetry. Secondly, since both
and k are parameters of the surface operator and independent of A, we can conclude that

they are related by
k=Y, (3.26)

with a constant . This p can only depend on the parameters of the theory. Thirdly, by
comparing the coefficients, we obtain the relation

V3 2A +3 )2
NN ) L

paACh = (3.27)

,10,



4 Discussion

In this paper, we studied 1/2 BPS surface operators in the Klebanov-Witten theory. We
defined the surface operator by imposing the boundary condition at a codimension 2 singu-
larity. This boundary condition comes from a 1/2 BPS configuration of the bifundamental
scalar fields (2.2). We also proposed the gravity dual of this surface operator as a D3-brane
configuration (3.4). We checked the supersymmetry of this D3-brane. It turned out that
this D3-brane preserves half of the supersymmetries of AdSs x T%! | which is consistent
with the supersymmetry of the surface operator. We also calculated the correlation func-
tion of the surface operator and a local operator. We compared this result with the classical
approximation in the gauge theory result and found the qualitative agreement and some
constraint on the normalization constants.

For more quantitative matching between the gauge theory side and the gravity side,
one needs to calculate the quantities in the gauge theory side. Those techniques like chiral
ring and Konishi anomaly equation in [38] could be useful for this purpose.

One of possible interesting future works is to consider the surface operators in other
N = 1 superconformal field theories. In particular the quiver gauge theories derived from
toric Sasaki-Einstein manifolds [39-41](see also [42] for a review) will be interesting from
the point of view of the AdS/CFT correspondence.

Let us briefly explain a possible extension of the surface operator to other quiver
gauge theories. First we consider a half BPS surface operator with the surface supported
at z; = 0. We define a surface operator by the following boundary conditions for a scalar
© in the chiral superfield, which is in the bi-fundamental representation of Gy x G, and
the gauge fields A and A of Gy and G,

1 -
Y = Wﬁjj, A= Ck]dgb, A= (degb. (41)
2z
7, is the anomalous dimension of the scalar field ¢ at the IR fixed point. (3,a,a are

constant matrices satisfying
arfBry — Bryay = 0. (4.2)

for each I,J. If one can find §7;,a;’s such that all the F' and D term vanish, then by
imposing the condition (2.10), the variation of fermions (2.5), (2.6) vanish. Therefore it
defines a half BPS surface operator. 1/8 BPS surface operators of N' =4 SYM is a special
case for this [16], preserving 2 supercharges. If ,’s are rational numbers, the possible
monodromy in (4.1) can be canceled by an appropriated gauge transformation and this
configuration and the surface operator is well-defined. If ~,’s are irrational numbers, then
there is no surface operator of this kind.
Second we can also consider the case that ¢ is a holomorphic function of z; and zs,

where f(z1,22) is a locally holomorphic homogeneous function with degree 1+ v4. The
surfaces are now supported at f(z1,22) = 0. It also preserves 1/2 of the supersymmetries,
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since (2.10) implies
(03 +ioct)e =0, (4.3)

for 0'4 = ZIQ

The gravity dual of these surface operators would be the D3-brane configuration in
AdS5 x SEj5 considered in section 3.2. If the periodicity of (1 is (rational number)x 2,
this probe D3-brane is closed and corresponds to the surface operator. If the periodicity of
¢t is (irrational number)x 27, or (¢ is not periodic, then this D3-brane cannot be closed.
This unclosed D3-brane seems to correspond to the failure of the definition of the surface
operator when ~y,, is an irrational number.
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A Killing spinor of AdSs x SEj5

Killing spinor of AdS5 x SEj5, which makes the variation of the gravitino in (3.9) vanish,
is given in [43] (see also [44]). Let the vielbeins of AdSs x SE5 be

E' =y tdat (i=0,1,2,3), EY =y tdy,
9
dsip, = » E*® E“, (A1)
a=>5

we use the following representation of gamma matrices

M=T"®Ig o, (b=0,...,3), M=rel®o,
=19 oy, (a=5,...,9) (A.2)

where T#,T* ( T'% ) satisfy SO(1,4) ( SO(5)) Clifford algebra, and ¢; are Pauli matrices.
We choose T to satisfy the followings,

[4 = j[0123 56789 _ 1

The Killing spinor is in the form of

€ =AL QX ® (;) (A.3)
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where A\, y are 4-component spinors. Ay is given in terms of constant spinors 7. satisfying
i, =+,

_1 ~ _1 ~
A =y (@ M-+ ny) =y 2 (—qu“n— + n+> ;

1 (A.4)
A = yn_.
x satisfies the following equation,
1 ~ ) =~
<aa + —wabcrbc> X+ %Pax =0. (a=5,6,...,9) (A.5)
B Proof of eq. (3.18)
Let the vielbein of a toric C'Y3, which is the cone of SEj5, be ©¢,
6
ds® = dR* + R%dsgp, = Y 0°© 0"
a=1
where
0= RE“™ (a=1,2,...,5), 0°=dR.
for given vielbeins E% of SE5 in (A.1). Define SO(6) gamma matrices I as follows
M=r*ges, M=n0c% (1=1,...,5) (B.1)
where T'® are given in (A.2). Consider a spinor x satisfying
Viv=0. (i=1,....6) (B.2)

Then a 4-component spinor y such that

. 0
X=x® <1> : (B.3)
satisfies (A.5) and Orx = 0.

We choose a local frame to set the holomorphic 3-form € and Kahler 2-form J in the
following form

2
0= (0'+i0% (0% +i0%) (0" +i0°), J=0'e"+> e e !
i=1
In this frame, the Killing spinor x in (B.3) is given by constant spinors x4+, defined by
(fl n if6> f_ = (f2 n z’f?’) 1= (f4 n if5> =0,
Ry = (0 =402 — i) (1% —il%)x_.

By the construction (B.1), I'?3%6 = T © o3. Then the ¥_ can be consistent with (B.3),
which implies that

<1 + f5> X = (fﬁ + z‘f7> X = (f8 + Z-fg) X =0. (B.4)
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C Spherical harmonics in T%!

Spherical harmonics 777 have been worked out in [45]. In this paper, we only need the
spherical harmonics corresponding to the chiral primary operators. They are parametrized
by three numbers (k, m1,mg) which satisfy

ke Z/Q, ]mj\ — ’k‘ S Zzo. (Cl)

The spherical harmonics of this kind can be expressed as

0, |E+m| 0, |k—ma|
Yo mak = thmg,k (COS E) <Sin E)

02 |k+m2| 02 |k—m2| .
X <cos 5) (sin E) ellmvitmevathy) (C.2)

3

We use the parameterization [20] of w', w?, w ,w? as follows,

i 0 0
(W' +iw?) = y 3Pz 2) gip 51 sin 52,

i 0 0
(W' —iw?) = y 3 2ez(WHritr2) cog L cos 52,

i 0 0
(iw? 4+ w?) = y =323V H11712) cog El sin 52,

(C.3)

-l -l

i 0 0
— (iw® — W) =y PeaVrt2) gin El cos 52

N

2 4

On the curve w? = w3 =0, w! = iw*, or §; = 7 as in (3.4), the spherical harmonics is

non-zero only when

mp = myo = —k.

From (C.1), k can be written in terms of an integer n, k = 5. Finally, we can rewrite
the spherical harmonics in our interest as follows

Yo (1, v1,v0) = Cpetz(W—v1-v2), (C.4)

where C), = C,% _

n n
’272

in terms of Cyy,, jm, k defined in (C.2).

D Normalization of c¢(A)

In this appendix, we explain how to determine the normalization constant ¢(A) in eq. (3.21).
Let us consider the bulk action of a complex scalar s in AdSs ,

S(s) = n(A) /A g (Vs ).

for m? = A(A —4). For the source (3.19), the correct two point function of chiral operators
can be found in [35], where a subtle change from GKPW prescription has been fixed by
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bootstrap methods; the two point function and three point functions are related via Ward
identity. The result is given by

82
O55 (z)0s5 (2')

o272 1

_ 2
S=c (A)U(A)A—Hx—x’PA'

The normalization of the action n(A) is originated from the 10 dimensional IIB super-
gravity theory, as given in [36] (for the detail, see section 3.4 and eq. (3.23) of [36]),

1 A(A —1)(A +2)

U(A) = @ X 32 A 1 X Z(A),

where ﬁ = % is the 10 dimensional Newton constant. z(A) is defined by the normal-

ization of the spherical harmonics of SEj,

VYA YL =672(n).
SEs

For the given spherical harmonics in (C.4),

B 257.[.3’0”’2

z(A) = W’

where n and A are related by (2.14).
The form of ¢(A) in eq. (3.21) is determined such that the two point function of chiral

operators becomes
1

= |z — /22

(Oa(x)0a(a")
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